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1. Introduction
Let B be the unit ball of Cn and let HB be the space of all holomorphic functions on B. For








represent the radial derivative of f ∈ HB. We write Rmf  RRm−1f.
For any p > 0 and α ∈ R, letN be the smallest nonnegative integer such that pN  α >
















Here dv is the normalized Lebesgue measure of B i.e., vB  1. The generalized weighted
Bergman space Apα is introduced by Zhao and Zhu see, e.g., 1. This space covers the
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classical weighted Bergman space α > −1, the Besov space Ap−n1, and the Hardy space
H2. See 1, 2 for some basic facts on the weighted Bergman space.
Let μ be a positive continuous function on 0, 1. We say that μ is normal if there exist
positive numbers α and β, 0 < α < β, and δ ∈ 0, 1 such that see 3
μr
1 − rα is decreasing on δ, 1, limr→ 1
μr
1 − rα  0;
μr
1 − rβ











(|z|)∣∣fz∣∣ < ∞, 1.4
where μ is normal on 0, 1. The little weighted-type space, denoted by H∞μ,0, is the subspace




(|z|)∣∣fz∣∣  0. 1.5
See 4, 5 for more information onH∞μ .





z  f ◦ ϕz, f ∈ HB. 1.6








, z ∈ B. 1.7
The book 6 contains a plenty of information on the composition operator and the weighted
composition operator.
In the setting of the unit ball, Zhu studied the boundedness and compactness of
the weighted composition operator between Bergman-type spaces and H∞ in 7. Some
extensions of these results can be found in 8. Some necessary and suﬃcient conditions
for the weighted composition operator to be bounded or compact between the Bloch space
and H∞ are given in 9. In the setting of the unit polydisk, some necessary and suﬃcient
conditions for a weighted composition operator to be bounded and compact between the
Bloch space andH∞ are given in 10, 11 see also 12 for the case of composition operators.
In 13, Zhu studied the boundedness and compactness of the Volterra composition operators
from generalized weighted Bergman space to μ-Bloch-type space. Other related results can
be found, for example, in 4, 5, 14–22.
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In this paper, we study the weighted composition operator ψCϕ from the generalized
weighted Bergman space to the spaces H∞μ and H
∞
μ,0. Some necessary and suﬃcient
conditions for the weighted composition operator ψCϕ to be bounded and compact are
given.
Throughout the paper, constants are denoted by C, they are positive and may diﬀer
from one occurrence to the other.
2. Main results and proofs
Before we formulate our main results, we state several auxiliary results which will be used in
the proofs. They are incorporated in the lemmas which follow.








for all f ∈ Apα and z ∈ B.
ii Suppose that p > 0 and α  n  1 < 0 or 0 < p ≤ 1 and α  n  1  0. Then every function
in Apα is continuous on the closed unit ball. Moreover, there is a positive constant C such that
‖f‖∞ ≤ C‖f‖Ap−n1 , 2.2
for every f ∈ Ap−n1.










for all f ∈ Apα and z ∈ B.
The following criterion for compactness of weighted composition operators follows
from standard arguments similar to those outlined in 6, Proposition 3.11 see also 12, proof
of Lemma 2. We omit the details of the proof.
Lemma 2.2. Assume that ψ ∈ HB, ϕ is a holomorphic self-map of B, and μ is a normal function
on 0, 1. Then ψCϕ : A
p
α → H∞μ is compact if and only if ψCϕ : Apα → H∞μ is bounded and for
any bounded sequence fkk∈N in A
p
α which converges to zero uniformly on compact subsets of B as
k → ∞, one has ‖ψCϕfk‖H∞μ → 0 as k → ∞.
Note that when p > 0 and α  n  1 < 0, the functions in Apα are Lipschitz continuous
see 1, Theorem 66. By Lemma 2.1 and Arzela-Ascoli theorem, similarly to 19, proof of
Lemma 3.6, we have the following result.
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Lemma 2.3. Let p > 0 and α  n  1 < 0. Let fk be a bounded sequence inA
p
α which converges to 0






∣∣  0. 2.4
The following lemma is from 21 one-dimensional case is 20, Lemma 2.1.
Lemma 2.4. Assume that μ is a normal function on 0, 1. A closed set K in H∞μ,0 is compact if and






(|z|)∣∣fz∣∣  0. 2.5
We will consider three cases: n  1  α > 0, n  1  α  0, and n  1  α < 0.
2.1. Case n  1  α > 0
Theorem 2.5. Assume that p > 0, α is a real number such that n  α  1 > 0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is bounded








Proof. Assume that ψCϕ : A
p
α → H∞μ is bounded. Let















1 − 〈z, a〉)t
. 2.8























from which we get 2.6.
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Conversely, suppose that 2.6 holds. Then for arbitrary z ∈ B and f ∈ Apα, by












In light of condition 2.6, the boundedness of the operator ψCϕ : A
p
α → H∞μ follows from
2.10 by taking the supremum over B. This proof is completed.
Theorem 2.6. Assume that p > 0, α is a real number such that n  α  1 > 0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is compact if








Proof. Assume that ψCϕ : A
p
α → H∞μ is compact, then ψCϕ : Apα → H∞μ is bounded. Taking
fz ≡ 1, we get that ψ ∈ H∞μ . Let zkk∈N be a sequence in B such that |ϕzk| → 1 as k → ∞






1 − 〈z, ϕ(zk
)〉)t , k ∈ N, 2.12
where t satisfies 2.7. From 1, Theorem 32, we see that fkk∈N is a bounded sequence in
A
p
α. Moreover, it is easy to see that fk converges to zero uniformly on compact subsects of B.
































from which 2.11 follows.
Conversely, assume that ψ ∈ H∞μ and 2.11 holds. Then, it is easy to check that 2.6
holds. Hence ψCϕ : A
p
α → H∞μ is bounded. According to 2.11, for given ε > 0, there is a
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Let fkk∈N be a bounded sequence in A
p
α such that fk → 0 uniformly on compact subsets of













































Since δD is a compact subset of B, we have limk→∞supw∈δD|fkw|  0. Using this fact and







Since ε is an arbitrary positive number, we obtain lim supk→∞‖ψCϕfk‖H∞μ  0. By Lemma 2.2,
the implication follows.
Theorem 2.7. Assume that p > 0, α is a real number such that n  α  1 > 0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ,0 is bounded
if and only if ψCϕ : A
p
α → H∞μ is bounded and ψ ∈ H∞μ,0.
Proof. Assume that ψCϕ : A
p
α → H∞μ,0 is bounded. Then it is clear that ψCϕ : A
p
α → H∞μ is
bounded. Taking fz  1 and employing the boundedness of ψCϕ : A
p
α → H∞μ,0, we see that
ψ ∈ H∞μ,0.
Conversely, assume that ψCϕ : A
p
α → H∞μ is bounded and ψ ∈ H∞μ,0. Suppose that




1 − |z|2)n1α/p∣∣fz∣∣  0. 2.18
From the above equality and ψ ∈ H∞μ,0, we have that for every ε > 0, there exists a δ ∈ 0, 1
such that when δ < |z| < 1,
(























≤ M(1 − ∣∣ϕz∣∣2)n1α/p∣∣f(ϕz)∣∣ < ε.
2.21



















1 − δ2)(n  1  α/p)μ
(|z|)∣∣ψz∣∣ < ε.
2.22
Combining 2.21 and 2.22, we obtain that ψCϕf ∈ H∞μ,0. Since f is an arbitrary element of
A
p






) ⊂ H∞μ,0, 2.23
which, along with the boundedness of ψCϕ : A
p
α → H∞μ , implies the result.
Theorem 2.8. Assume that p > 0, α is a real number such that n  α  1 > 0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ,0 is compact
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From this and Lemma 2.4, we see that ψCϕ : A
p
α → H∞μ,0 is compact.
Conversely, assume that ψCϕ : A
p
α → H∞μ,0 is compact. Then ψCϕ : A
p
α → H∞μ,0 is
bounded and ψCϕ : A
p











(|z|)∣∣ψz∣∣  0. 2.28











(|z|)∣∣ψz∣∣  0, 2.29
from which the result follows in this case.
Hence, assume that ‖ϕ‖∞  1. In terms of 2.27, for every ε > 0, there exists a δ ∈ 0, 1,






According to 2.28, for the above ε, there exists an r ∈ 0, 1, such that when r < |z| < 1,
μ
(|z|)∣∣ψz∣∣ < ε(1 − δ2)n1α/p. 2.31














(|z|)∣∣ψz∣∣ < ε. 2.33
Combining 2.32 with 2.33 we get 2.24, as desired.
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2.2. Case n  1  α  0
Theorem 2.9. Assume that p > 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is bounded



























From 2.34 and 2.35, the boundedness of ψCϕ : A
p
α → H∞μ follows.
Now assume that ψCϕ : A
p









1 − 〈z, a〉
)
. 2.36

























From the last inequality, we get the desired result.
Theorem 2.10. Assume that p > 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is compact if











Proof. First assume that 2.38 holds and ψ ∈ H∞μ . In this case, the proof of Theorem 2.6 still
works with minor changes, hence we omit the details.
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Now we assume that ψCϕ : A
p
α → H∞μ is compact, then it is clear that ψCϕ : Apα →
H∞μ is bounded. Similarly to the proof of Theorem 2.6, we see that ψ ∈ H∞μ . Let zkk∈N be
a sequence in B such that |ϕzk| → 1 as k → ∞ if such a sequence does not exist that










1 − 〈z, ϕ(zk
)〉
)
, k ∈ N. 2.39
From 2, Theorem 1.12, we see that fkk∈N is a bounded sequence in A
p
α. Moreover, fk → 0
uniformly on compact subsets of B as k → ∞. It follows from Lemma 2.2 that ‖ψCϕfk‖H∞μ →








































from which we get the desired result. The proof is completed.
Theorem 2.11. Assume that p > 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ,0 is bounded
if and only if ψCϕ : A
p
α → H∞μ is bounded and ψ ∈ H∞μ,0.
Proof. First assume that ψCϕ : A
p
α → H∞μ,0 is bounded. Then clearly ψCϕ : A
p
α → H∞μ is
bounded. Taking fz  1, then employing the boundedness of ψCϕ : A
p
α → H∞μ,0, we have
that ψ ∈ H∞μ,0, as desired.
Conversely, assume that ψCϕ : A
p
α → H∞μ is bounded and ψ ∈ H∞μ,0. For each








from which we have that ψCϕp ∈ H∞μ,0.
Since the set of all polynomials is dense in Apα see 2, for every f ∈ Apα there is a






−→ 0 as k −→ ∞. 2.43
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From the boundedness of ψCϕ : A
p










−→ 0 as k −→ ∞. 2.44
SinceH∞μ,0 is a closed subset ofH
∞
μ , we obtain
ψCϕf  lim
k→∞
ψCϕpk ∈ H∞μ,0. 2.45
Therefore, ψCϕ : A
p
α → H∞μ,0 is bounded.
Using Theorems 2.10 and 2.11, similarly to the proof of Theorem 2.8 we obtain the
following result. We omit the proof.
Theorem 2.12. Assume that p > 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ,0 is compact











Theorem 2.13. Assume that 0 < p ≤ 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is a
holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is bounded
if and only if ψ ∈ H∞μ .











From the above inequality, we obtain that ψCϕ : A
p
α → H∞μ is bounded.
Conversely, assume that ψCϕ : A
p
α → H∞μ is bounded. Taking fz  1 and using the
boundedness of ψCϕ : A
p
α → H∞μ , we get ψ ∈ H∞μ , as desired.
Theorem 2.14. Assume that 0 < p ≤ 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is
a holomorphic self-map of B, and μ is a normal function on 0, 1. Then ψCϕ : A
p
α → H∞μ is compact




(|z|)∣∣ψz∣∣  0. 2.48
Proof. First assume that ψ ∈ H∞μ and 2.48 holds. In this case, the proof is similar to the
corresponding part of the proof of Theorem 2.6 and hence will be omitted.
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Now we suppose that ψCϕ : A
p
α → H∞μ is compact. It follows from Theorem 2.13 and
the boundedness of ψCϕ : A
p
α → H∞μ that ψ ∈ H∞μ . Let zkk∈N be a sequence in B such that




1 − 〈z, ϕ(zk
)〉 , k ∈ N. 2.49
From 2, Theorem 6.6, we see that fkk∈N is a bounded sequence in A
p
α. Moreover, fk






















Combining 2.50 with 2.51 we obtain that 2.48 holds.
Theorem 2.15. Assume that 0 < p ≤ 1, α is a real number such that n  α  1  0, ψ ∈ HB, ϕ is
a holomorphic self-map of B, and μ is a normal function on 0, 1. Then the following statements are
equivalent:
i ψCϕ : A
p
α → H∞μ,0 is bounded;
ii ψCϕ : A
p
α → H∞μ,0 is compact;
iii ψ ∈ H∞μ,0.
Proof. ii⇒i. This implication is clear.
i⇒iii. Taking fz  1 and employing the boundedness of ψCϕ : Apα → H∞μ,0, we
obtain that ψ ∈ H∞μ,0.






(|z|)∣∣ψz∣∣ ≤ Cμ(|z|)∣∣ψz∣∣, 2.52













∣∣ ≤ C lim
|z|→ 1
μ
(|z|)∣∣ψz∣∣  0. 2.53
Using Lemma 2.4, we obtain that ψCϕ : A
p
α → H∞μ,0 is compact.
2.3. Case n  1  α < 0
Theorem 2.16. Assume that p > 0, α is a real number such that n  α  1 < 0, ψ ∈ HB, ϕ is
a holomorphic self-map of B, and μ is a normal function on 0, 1. Then the following statements are
equivalent:
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i ψCϕ : A
p
α → H∞μ is bounded;
ii ψCϕ : A
p
α → H∞μ is compact;
iii ψ ∈ H∞μ .
Proof. ii⇒i. This implication is obvious.
i⇒iii. Taking fz  1, then using the boundedness of ψCϕ : Apα → H∞μ , we obtain
that ψ ∈ H∞μ .







fromwhich it follows that ψCϕ : A
p
α → H∞μ is bounded. Let fkk∈N be any bounded sequence

















)∣∣ −→ 0, 2.55
as k → ∞. The result follows from Lemma 2.2.
Similarly to the proof of Theorem 2.15, we have the following result. We omit the proof
here.
Theorem 2.17. Assume that p > 0, α is a real number such that n  α  1 < 0, ψ ∈ HB, ϕ is
a holomorphic self-map of B, and μ is a normal function on 0, 1. Then the following statements are
equivalent:
i ψCϕ : A
p
α → H∞μ,0 is bounded;
ii ψCϕ : A
p
α → H∞μ,0 is compact;
iii ψ ∈ H∞μ,0.
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